Experimental frequency-dependent conductivity relaxation spectra of a number of molten, glassy, and crystalline ionic conductors that show both the presence of the near constant loss ͑NCL͒ and the cooperative ion hopping contribution are analyzed. On decreasing frequency, the NCL appears first but terminates at some frequency x1 . At still a lower frequency x2 the cooperative ion hopping dispersion takes over. The independent ion hopping frequency 0 of the coupling model is calculated from the parameters characterizing the cooperative ion hopping dispersion. It is found for all ionic conductors that x1 ӷ 0 , and 0 always fall inside the frequency region x1 ϾϾ x2 . The empirical results leads to a qualitative theory for the origin of the NCL, which gives physical meanings of the two crossover frequencies x1 and x2 , as well as explaining the role of the independent hopping frequency 0 , in determining them. The weak temperature dependence of the NCL has been recaptured by the qualitative theory. An improved understanding is gained of the evolution of the ion dynamics from early times when the cages decay very slowly with time, giving rise to the near constant loss, to long times when ions move cooperatively, leading finally to dc conductivity.
I. INTRODUCTION
One of the frontiers of research in the field of dynamics of ions in ionic conductors is the origin of the ubiquitous near constant loss ͑NCL͒
where ␣ is nearly zero and A is a constant with weak temperature dependence that is well described by exp (T/T 0 ), where T 0 is a temperature that is usually larger than T. The NCL corresponds to an almost linear frequency-dependent term
in the real part of the complex conductivity. The existence of NCL in glassy ionic conductors is well known. Evidences for its existence was suggested repeatedly over the span of several decades [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] and it is now considered to be a universal characteristic of ionic conductors, 13, 14 although till now there are only a few investigations of its properties. [11] [12] [13] [14] [15] [16] [17] [18] [19] This NCL contribution appears at higher frequency than the ion hopping ac conductivity hop Ј (). The latter is assumed by some where n J is a fractional exponent, 0 is the dc conductivity, and p a characteristic relaxation frequency. Alternatively, 21 the ion hopping ac conductivity is also well described by the one-sided Fourier transform
of the Kohlrausch stretched exponential function ⌽͑t ͒ϭexp͓Ϫ͑ t/ ͒ 1Ϫn ͔. ͑5͒
The ion hopping contribution n Ј() obtained from Eqs. ͑4͒ and ͑5͒ together with the Maxwell relation n Ј() ϭRe͓i 0 /M *()͔, is similar to the Jonscher's expression in having the dc conductivity 0 at low frequencies, and it increases as a power law () n at high frequencies instead of (/ p ) n J from the Jonscher expression. The advantage of using Eqs. ͑4͒ and ͑5͒ over the Jonscher expression to describe experimental data was pointed out by Moynihan. 21 Both 0 and the electrical conductivity relaxation time in Eq. ͑5͒ have the same temperature dependence. Experimental evidences indicate that the stretched exponential time dependence of electrical relaxation is caused by ion-ion correlation, and therefore n Ј() is a cooperative ion hopping contribution.
The properties of the NCL differ 14 in many respects from the ion hopping transport contribution and can be considered to have different physical origins. For example, while mental fact rules out the possibility that the NCL of present interest originates from the glassy matrix in which the ions are imbedded.
At sufficiently low temperature under isofrequency condition or high frequencies under isothermal condition, the NCL is the only contribution that is seen experimentally. In a recent paper 18 an analysis of the constant loss contribution to the ac conductivity, in the frequency range 10 Hz-1 MHz and finely spaced temperatures down to 8 K, was reported for two different Li ionic conductors, one crystalline (Li 0. 18 La 0.61 TiO 3 ) and the other glassy (61SiO 2 •35Li 2 O
•3Al 2 O 3 •1P 2 O 5 ). At lower temperatures, a NCL corresponding to near linear frequency-dependent ac conductivity is the observed contribution. As temperature is increased a crossover from the near constant loss to a fractional powerlaw frequency dependence of the ac conductivity ͓Eq. ͑3͒ or Eqs. ͑4͒ and ͑5͔͒ is observed. At any fixed frequency , this crossover occurs at a temperature T determined approximately by the relation Ϸ ϱ exp͑ϪE m /kT͒. ͑6͒
The activation energy E m turns out to be significantly smaller than the dc conductivity activation energy E . From this observed property it has been shown 25 that the NCL term A is not a contribution to Ј() that can be added on top of the ion hopping ac conductivity term represented by the Jonscher expression as is commonly believed, or by Ј() obtained from Eqs. ͑4͒ and ͑5͒ of the electric modulus. Had these two contributions been additive contributions, the crossover frequency would have E as the activation energy instead of the significantly smaller observed E m . Thus, excluding the vibrational and boson peak contributions, in the high frequency regime there is only the NCL. On decreasing frequency ͑or increasing time͒ the NCL will no longer holds at some point x1 , afterwards Ј() undergoes a transition over some frequency range with continuously decreasing slope and finally, starting at x2 , assumes the frequency dependence of hop Ј () given by either J Ј() or n Ј() that have fractional power laws (/ p ) n J or () n at their high frequency ends.
In the sections to follow, we shall characterize the crossover frequencies x1 ϵ2 x1 and x2 ϵ2 x2 from isothermal Ј() data of glassy and molten ionic conductors. We include all data we know of that have been obtained over a very broad frequency range to exhibit at the same temperature both the NCL and the hop Ј (). This kind of data enables unambiguous determination of x1 and x2 at the same temperature. When compared with the independent ion hopping relaxation frequency 0 ϵ1/(2 0 ), where 0 is the familiar independent ion hopping relaxation time of the coupling model, 26 -28 it is found that 0 lies in between x1 and x2 . This general result leads to a proposal for the origin of the NCL, an interpretation of the crossover frequencies x1 and x2 and an explanation of the weak temperature dependence of the NCL.
II. THE CROSSOVER FREQUENCIES x1 AND x2
FROM EXPERIMENTAL DATA A. 0.4Ca"NO3… 2 -0.6KNO 3 "CKN… Extensive electrical relaxation data of CKN over unusually broad frequency and temperature ranges were obtained by Lunkenheimer et al. 29, 30 In Fig. 1 , we show first their Љ data at 342 K as a function of frequency , which is related to the angular frequency by ϭ2. The data shown by points indicate the existence of a NCL that extends over about three decades and there is a cross over to a power law Љ()ϰ Ϫ␤ at lower frequencies, with ␤ϭ1Ϫn, and eventually Љϰ Ϫ1 at even lower frequencies in the dc conductivity regime, as illustrated in the figure. The inset of the same figure shows the same data but as M Љ(). The dashed line is the fit by Eqs. ͑4͒ and ͑5͒ to the data with ␤ϵ(1 Ϫn)ϭ0.66 and ϭ6.6ϫ10 culated from the Kohlrausch fit to the electric loss modulus M Љ data shown in the inset as the dashed line with ␤ϭ0.66. The deviation of the data from the Kohlrausch fit at higher frequencies is marked by one crossover frequency, x2 . The deviation of the data from the NCL at lower frequencies is marked by the other crossover frequency x1 . The location of the independent relaxation frequency of the CM 0 ϵ1/2 0 , is also indicated. 0 is the independent relaxation time calculated from the CM. Data after Refs. 39 and 40. previously for Li 0.18 La 0.61 TiO 3 ͑LLTO͒. 18 It is worthwhile to point out that the dashed line in the main part of Fig. 1 having Ϫ1 at low frequencies and Ϫ␤ at higher frequencies is actually calculated from the fit to the electric modulus by the identity *ϵ(1/M *). The other dashed line in the main figure is ␤ Љ () calculated from the identity ␤ Љ () ϭIm͕1/M ␤ * ͖ and it is the loss from cooperative hopping of ions. The Љ data indicate the existence of a NCL that extends over about three decades and there is a crossover to a power law Ϫ␤ at lower frequencies and eventually Љ ϰ Ϫ1 at even lower frequencies in the dc conductivity regime. The data in the M Љ representation shows also the crossover from NCL to the power law M Љϰ Ϫ␤ . Some readers may be more familiar with the NCL having the near 1 dependence in the Ј() representation of the data as shown in Fig. 2 . Again the dashed curve that tends to the dc conductivity at low frequencies and the power law (1Ϫ␤) at high frequencies is ␤ Ј () calculated from the identity ␤ Ј ()ϵ ␤ Љ () and again it comes from cooperative ion hopping. The NCL terminates at lower frequencies quite distinctly at x1 . It can be seen by inspection of Fig. 1 line in these figures is the Ϫ␤ dependence of ␤ Љ () calculated from M ␤ Љ , the fit to M Љ() data by Eqs. ͑4͒ and ͑5͒, and extrapolated to higher frequencies. The relaxation times (T) obtained from the fits are converted to a frequency K ϵ1/͓2(T)͔ shown in Fig. 5 as filled squares. In the same figure the crossover frequencies x1 ϵ1/(2t x1 ) and x2 ϵ1/(2t x2 ) determined from the data in Figs. 3 and 4 are also shown ͑open diamonds for x1 and filled diamonds for x2 ). By definitions, t x1 and t x2 are naturally the crossover times. The crossover region is narrower at higher temperatures. Although broader at lower temperatures, the region is only about two and a half decades wide at 324 K, the lowest measurement temperature below T g . The other frequency, 0 ϵ1/(2 0 ), located between x1 and x2 in Figs. 1-5, will be defined later. Electrical relaxation data at 293 K of a glassy ionic conductor, 0.80LiF-0.20Al(PO 3 ) 3 , was obtained by Kulkarni et al. 31 over unusually broad frequency range. In Fig. 6 , we show first their data as Ј as a function of frequency . The existence of the NCL is exemplified by a near linear frequency dependence of the Ј data over about two decades, which terminates starting at x1 . The inset of the same figure shows the same data at low frequencies and up to 10 Figure 7 shows the data of glassy 0.5Ag 2 S-0.5GeS 2 from the work of Belin et al. at many temperatures. 32, 33 Only the data taken at 153 and 123 K are considered here because they show clearly the existence of the NCL over extensive frequency domains as indicated the solid ͑for 153 K͒ and the dashed ͑for 123 K͒ straight lines with 1.0 dependence. The weak temperature dependence of the NCL is evident from this proximity of the two lines. The two vertical arrows pointing upwards indicate the location of x1 for 153 K ͑at higher frequency͒ and 123 K ͑at lower frequency͒. Only x2 can be determined from the data at 153 K and is indicated by another arrow labeled as such. Only x2 can be determined from the data at 153 K and its location together with K are indicated in Fig. 8 .
Conductivity data of 0.44LiBr-0.56Li 2 0-B 2 O 3 by Cramer et al. 35 at two temperatures are shown in Fig. 9 . In this subsection we consider only the data at 323 K, which exhibit the NCL at higher frequencies and the cooperative ion hopping contribution at lower frequencies. The asymptotic n dependence of the Kohlrausch fit by Eqs. ͑4͒ and ͑5͒ to the lowerfrequency data with nϭ0.48 is shown in the figure. The errors of the data are sufficiently large that preempt determination of x1 and only the approximate location of x2 is indicated.
F. Ag 7 GeSe 5 I
The conductivity data of the crystalline ionic conductor Ag 7 GeSe 5 I at the lowest temperature of 114 K shown in Fig.  10 exhibit the NCL at high frequencies ͑dashed line with slope equal to 1͒ and the crossover to the cooperative hopping conductivity. 36 The asymptotic n dependence of the Kohlrausch behavior is shown by another dashed line. The locations of the crossover frequencies x1 and x2 are indicated by arrows. The Vycor glass xNa 2 O᭹(1Ϫx)͓0.04B 2 O 3 -0.96SiO 2 ͔ with xϭ0.00044 contains very few Na ϩ ions. 15, 37 . Nevertheless, its conductivity relaxation data measured at 313°C show the existence of the NCL at higher frequencies and the crossover to a near exponential ion hopping with a small n ϭ0.05. These features together with the locations of the crossover frequencies x1 and x2 , are indicated by arrows in Fig. 11 . Shown also is the high frequency vibrational contribution extending down to low frequencies with a 2 dependence. Subtracting off this vibrational contribution from the data at 523 K leaves a frequency independent 0 (ϩ), which corresponds to the independent ion hopping of all ions. The inset shows the same data in a small neighborhood of 10 11 Hz and the data at the two temperatures in this region can be seen more clearly as well as for Tϭ573 K only the crossover of Ј() at a frequency c ϵ1/(2t c ) of about 10 11 Hz ͑indicated by the vertical arrow at this frequency͒ from a n dependence of fully cooperative hopping at high frequencies ͑line͒ to the frequency independent 0 ͑points denoted by ϩ). There is no intervening NCL at 573 K. However at Tϭ323 K, there is the NCL contribution with near 1 dependence to Ј() at high frequencies ͑steeper line with slope equal to one͒ and the crossover to the n dependence of fully cooperative hopping at high frequencies ͑line with slope nϭ0. 48 ). The quality of the data in the NCL regime is not good enough to determine x1 , but x2 , K , and 0 have been determined in the manner as in Fig. 6 for 323 K and are indicated.
A similar situation as the Vycor glass is found in the conductivity relaxation data of two xK 2 O-(1Ϫx)GeO 2 glasses with xϭ0.02 and 0.0023 obtained by Jain et al. 16 They have characterized the cooperative ion hopping by the Kohlrausch fit to the electric modulus data with ␤ϵ(1Ϫn)ϭ0.89 and 0.93, respectively, for xϭ0.02 and 0.0023. Here we show only the data of xϭ0.02 in Fig. 12 . In the figure, for the data at 143.4°C, we drew two lines corresponding to the two power laws 1.0 and 0.11 ͑thick solid lines͒ and from these lines and the experimental data we determine the two crossover frequencies.
III. THE INDEPENDENT ION HOPPING RELAXATION TIME 0 FROM THE COUPLING MODEL
The coupling model ͑CM͒ for ionic conductors 26 -28 considers only the case that all the mobile ions have high probability of hopping out of their cages. All of them are ready to hop to neighboring sites with the relaxation rate 0 Ϫ1 except their interactions and correlations make the independent hops of each ion simultaneously impossible. The result is a slowed-down cooperative motion of all the ions with dynamics that is heterogeneous and the correlation function is changed at some time t c from the linear exponential ⌽͑t ͒ϭexp͑ Ϫt/ 0 ͒, ͑7͒
for independent hops to the stretched exponential function exp͓Ϫ(t/) 1Ϫn ͔ ͓Eq. ͑5͔͒. The relation between and 0 is given by
͑8͒
with t c ϭ2 ps determined previously by high frequency measurements for ionic conductors. 34,35,38 -40 Experimental evidences of the existence of such a change of dynamics in a neighborhood of t c are found in high frequency and highest temperature () measurements of molten CKN, glassy 0.44LiBr-0.56Li 2 0-B 2 O 3 and other glasses by Cramer et al., 34, 35, 38, 39 after the 2 -dependent vibrational absorption contribution is removed from the data. The temperature must be high enough such that there is no intervening NCL, and the cooperative ion hopping term ͑having at high frequencies the n dependence for the ac conductivity͒ crosses over directly to the independent ion hopping term ͑having a frequency independent conductivity͒. An example can be seen in Fig. 9 , and more clearly in the inset. At the highest measurement temperature 573 K in 0.44LiBr-0.56Li 2 0-B 2 O 3 , there is no intervening NCL and therefore after subtracting out the vibrational contribution, the result should be solely from ion diffusion. The result levels off rather abruptly at about 10 11 Hz ͑or a time of about 2 ps͒ to a plateau, i.e., a frequency independent value. Now a frequency independent conductivity corresponds to an exponential correlation function, Eq. ͑7͒. Thus the change from independent hopping ͓Eq. ͑7͔͒ to cooperative hopping ͓Eq. ͑5͔͒ with decreasing frequency at about 10 11 Hz or a time t c Ϸ1 to 2 ps is evident from the figure. Similar changes were found in crystalline ionic conductors Na ␤ alumina 41, 42 and RbAg 4 I 5 .
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Other evidences of the change of dynamics near T c Ϸ1 to 2 ps were found from the change of the temperature dependence of the dc conductivity of many ionic conductors, 44, 45 when it exceeds about 1 S/cm. Another support comes from quasielastic neutron scattering ͑time of flight͒ measurements at short times ͑in the picosecond and sub picoseconds range͒ of the ionic diffusion coefficient as a function of temperature in superionic glasses. Such measurements of ion diffusion at short times in glassy ionic conductors AgI-AgPO 3 and 0.5Ag 2 S-0.5GeS 2 were made by two groups. [46] [47] [48] The glass 0.5Ag 2 S-0.5GeS 2 was the same one discussed earlier in Sec. II C. From the quasielastic neutron scattering data it was found that the activation enthalpy of the short-time diffusion coefficient E a is smaller than E of the dc conductivity, 48 and approximately equal to (1Ϫn)E . 41, 42 The results are shown here in Table I . Here, (1Ϫn) is the Kohlrausch exponent of the fully cooperative hopping in Eq. ͑5͒ and E is the activation enthalpy of the fully cooperative hopping relaxation time in Eq. ͑5͒ or the dc conductivity at much lower temperatures and longer times than those in quasielastic neutron scattering experiments. It is easy to verify from Eq. ͑8͒ that the product (1Ϫn)E , is the activation enthalpy of the independent hops relaxation time 0 . Thus, quasielastic neutron scattering measurements in the picosecond and subpicoseconds range found that the ions are hopping independently in this short time regime, indicating that t c is of the order of 1 ps.
The independent relaxation time 0 (T) of the CM can be calculated by Eq. ͑8͒ from the experimental values of and (1Ϫn), obtained from fitting M *() data by Eq. ͑2͒, and using t c ϭ2 ps. The interpretation of 0 (T) given by the CM is the relaxation time for the ion vibrating in its potential well to come out by overcoming the energy barrier E a by thermal activation. If has Arrhenius temperature dependence and n is constant over a temperature region, then it follows from Eq. ͑8͒ that 0 (T) should also have Arrhenius temperature dependence 0 (T)ϭ͓t c n 1Ϫn ͔ϭ ϱ exp(E a /kT) over the same temperature range. From its simple nature of 0 , the reciprocal of its prefactor ϱ must be identifiable with the vibration angular frequency of the ion inside the well. An example that indicates 0 is indeed the thermally activated relaxation time of an ion to hop out of its potential well is the CM analysis of conductivity relaxation and hyper Raman scattering data of yttria stabilized zirconia. 45 All previous applications of the CM dealt with the cooperative ion hopping in the long time regime. It is important to emphasize that the dynamics in the early time regime, when most of the mobile ions are still caged, have not been included in all previous applications. At sufficiently short times/low temperatures, few ions have succeeded to move away from their original sites, although the number increases with time albeit very slowly. A near constant loss ͑NCL͒ then originates from very slow decay of the correlation function of the cage with time, which ultimately is due to those few ions that have succeeded to hop out of their cages to neighboring sites over decades of time in this short time regime. Naturally these successful hops are executed by independent ion jumps with rate 0 Ϫ1 because the successful hops are rare and there is absence of cooperativity. Only for times short compared with 0 , or equivalently for frequencies high compared with 0 ϵ1/2 0 , the successful hops out the cages will be few and infrequent. Thus the NCL exists only at times much shorter than 0 or frequencies much higher than 0 . This point will be revisited after a comparison of 0 with x1 and x2 of CKN has been made.
IV. RELATION OF 0 WITH x1 AND x2
The ion conductivity relaxation data of CKN in Figs. 1-4 were analyzed by Eq. ͑2͒ and the two parameters (T) and ͓1Ϫn(T)͔ had been determined by Lunkenheimer et al. [29] [30] The data cover an extended temperature range from below and above the glass transition temperature T g . As typical of relaxation of glass-forming substances above T g , the relaxation frequency K ϵ1/2 is not Arrhenius and the Kohlrausch parameter ␤ϵ͓1Ϫn(T)͔ is temperature dependent. From these parameters, the independent ion relaxation time 0 (T) had also been calculated previously by Lunkenheimer 29, 30 with t c ϭ2 ps determined experimentally for CKN. 38, 39 The independent ion hopping frequency 0 ϵ1/2 0 , is plotted against temperature in Fig. 5 . At high temperatures where x1 and x2 are close to each other, 0 (T) lies close to these two frequencies. At lower temperatures, where the crossover region x1 ϾϾ x2 becomes broader, it is remarkable that 0 invariably falls inside it. The same is found also for 0.4Ca(NO 3 ) 2 -0.6RbNO 3 ͑CRN͒ from In a similar manner as described for CKN in the preceding paragraph, we have determined 0 for the other glassy and crystalline ionic conductors considered in Sec. II B-II H. When comparing 0 with x1 and x2 in Figs. 6-12, we find again in these other ionic conductors that x1 Ͼ 0 Ͼ x2 , as in the molten salt CKN. The presently found relation between 0 and crossover frequencies x1 and x2 for glassy and molten CKN ionic conductors and other glassy and crystalline ionic conductors may not be an accident because they are independently and separately determined quantities. First, 0 is determined from the low frequency dispersion and the use of the coupling model relation, Eq. ͑8͒. Secondly, x1 and x2 are determined separately by the terminations of two loss mechanisms, NCL and cooperative hopping ͓Eqs. ͑4͒ and ͑5͔͒, that have very different temperature dependences. We may recall that NCL has weak temperature dependence approximately described by exp(T/T 0 ), 18 while the frequency dependent loss from ion hopping has a strong thermally activated temperature dependence.
V. NCL FROM VERY SLOWLY DECAYING CAGE DYNAMICS
The main thrust of the present work is to bring out from experimental data properties of the crossover from the NCL to fully cooperative ion hopping conductivity. It is not intended to give here a rigorous theory for the origin of the NCL, the part that is unrelated to ADWP or similar explanations. Nevertheless it is worthwhile to give some theoretical ideas of the origin of the NCL that are consistent with the empirical results found in this work and a previous work.
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A. Cage decay
For a fixed cage with a potential that does not change with time, there is no NCL that extends over decades of time and increases in extent with decreasing temperature similar to that found in ionic conductors. In a harmonic well, the mean square displacement of the ion given by the solution of Chandrasekhar 49 increases rapidly with time to a maximum value that is proportional to T. In general, the cage or the potential-well that confines a mobile ion is determined by the matrix atoms and the other mobile ions. This fact is evident from the form of typical potentials used in molecular dynamics simulations. 50, 51 The cage is not permanent and it changes or decays because of at least two reasons. First, the spatial relation with the immobile matrix atoms can change with time as suggested by the broadening of the first peak of the van Hove function with time. 51 Second, other ions may be leaving their cages and the probability of them doing so increases with time as can be seen from the development of intensity at neighboring initially vacant sites of the van Hove function with time. The contribution to cage decay from the second cause was established by the study of the motion of concentrated colloidal particles suspension using confocal microscopy by Weeks and Weitz. 52 In this case, the cage is formed entirely by neighboring particles of the same kind as the caged particle. On the other hand, in ionic conductors there are also the immobile matrix atoms that form the cage. By defining particles as nearest neighbors if their separation is less than a cutoff distance set by the first minimum of the pair correlation function, Weeks and Weitz define a cage correlation function C cage (⌬t), by the fraction of particles with the same neighbors at time T and at tϩ⌬t, after averaging over all T. Deduced from the confocal microscopy data, C cage (⌬t) shows decay, which becomes slower as the volume fraction of the particles increases and their diffusion rate decreases. This loss is observed as an increase of the mean square displacement ͗r 2 ͘ of the ion with time, in response to the decay of the cage. If the cage decay is a sufficiently slow function of time, the corresponding increase of ͗r 2 ͘ is also very slow. In fact, we observe from the data of Such a slow increase of ͗r 2 ͘ with time is equivalent to a NCL if the particle is charged similar to ions in ionic conductors, and the quantity measured is dielectric loss due to conductivity relaxation. This result can be seen from the following approximate ͑neglecting cross correlations and that the Haven ratio is not unity͒ relation between mean square displacement and complex conductivity
where N is the density of mobile ions, q the ion charge, k the Boltzmann constant, and T the temperature. For ͗r 2 ͘ϰct ␣ , Eq. ͑9͒ gives Ј()ϰ 1Ϫ␣ and Љ()ϰ Ϫ␣ and therefore a NCL if ␣ is small. If the mean square displacement would increase logarithmically with time as ͗r 2 ͘ϰlogt, the dielectric loss Љ() would be practically flat, and Ј()ϰ 1.0 . As with the colloidal system, the cages confining ions in ionic conductors also decay with time because at any time there is nonzero probability of ions jumping out to a neighboring site.
B. Independent hops as cause of decay of cage correlation function
At sufficiently short times, when most of the ions are still being caged, the successful jumps out of the cages are independent of each other because there are very few such events and therefore no cooperative dynamics are involved. The independent ion jump has rate 1/ 0 . At times much shorter than 0 , successful hops of ions out of their cages are rare and few in between. Hence the decay of the cages or the increase of ͗r 2 ͘ with time has to be very slow, resulting in the NCL. Naturally the NCL defined as such is a very slow relaxation process and can exist in the time regime tӶ 0 , where the increase of the number of successful hops of ions out of their cages over decades of time is insignificant. The NCL terminates at some time t x1 ϵ1/2 x1 , when afterwards the successive independent ion hops have become more significant and the loss can no longer be considered as nearly constant as a function of lnt, i.e., there is a more rapid increase of ͗r 2 ͘ with time beyond t x1 , which can no longer justify the NCL to continue. This process is dynamically heterogeneous. Still t x1 has to be much smaller than 0 ͑or x1 ӷ 0 ) because 0 is the characteristic time for the ions to leave their cages. The number of ions successful hopping out of the cages continues to increase beyond t x1 , changes in ͗r 2 ͘ become more rapid leading to increasing deviation from the near NCL. However, only at times t sufficiently longer than 0 , i.e., for tϾt x2 Ͼ 0 , will all ions have almost certain probability of successfully hopping out their cages, but then their mutual interactions make all such independent hops impossible. This is the start of the fully cooperative ion hopping regime described by the Kohlrausch stretched exponential function, Eq. ͑5͒ and by definition t x2 ϵ1/2 x2 , is the onset time. Hence, from t x2 Ͼ 0 , it follows that x2 Ͻ 0 . When the fully cooperative hopping regime is entered, the depen-
n , are observed. These power laws are just the shorter time (tӶ) or high frequency (Ͼ K ) parts of these quantities for the fully cooperative hopping with the Kohlrausch correlation function given by Eq. ͑5͒, the longer time (tӷ) parts of which are ͗r 2 ͘ϰt, ␤ Љ ()ϰ Ϫ1 and ␤ Ј ()ϭ dc .
From the qualitative theory given above, we have a qualitative explanation of the origin of the NCL, and the time regime tϽt x1 or frequency regime Ͼ x1 where it can exist. We also have given physical meaning to the crossover times ͑frequencies͒ t x1 ( x1 ) and t x2 ( x2 ). The qualitative theory also explains the empirical results we found from the collection of data presented in this work. These empirical results include ͑1͒ the relation t x1 Ӷ 0 ( x1 ӷ 0 ) and ͑2͒ the fact that 0 always lies inside the crossover region, t x1 ϽtϽt x2 or 0 always lies in between x1 and x2 .
The coupling model embodied by Eqs. ͑5͒, ͑7͒, and ͑8͒ for fully cooperative ion hopping at longer times (tϾt x2 ) enables the independent relaxation time 0 to be calculated from the low frequency (Ͻ x2 ) experimental data. Thus the empirical results found show that the coupling model ͑usually applied to the fully cooperative hopping regime͒ also has an impact on the NCL and the broad crossover from the NCL to the fully cooperative hopping regime. The impact is the ability of 0 to relate to the time t x1 or frequency x1 when the NCL is terminated, and to locate the time scale of the broad crossover from the NCL to the fully cooperative hopping.
VI. TEMPERATURE DEPENDENCE OF THE NCL
We have proposed that the NCL exists in the short time ͑high frequency͒ regime, t on ϽtϽt x1 ( on ϾϾ x1 ) where there are few thermally activated independent jumps of the ions out of their cages with the relaxation rate 2 0 ϵ1/ 0 ϭ(1/ ϱ )exp(-E a /kT). Here t on ( on ) is the onset time ͑fre-quency͒ of the NCL. From experimental data that show the NCL extending to very high frequencies, t on is of the order of 10 Ϫ11 to 10 Ϫ12 s. The value of t x1 depends on the choice of the exponent ␣Ϸ0 used to define the NCL and is the time beyond which the experimental data Ј() departs from the A 1Ϫ␣ dependence. But, whatever the choice of ␣Ϸ0, t x1 has to be much less than 0 in order to satisfy the condition for generation of the NCL that there are few successful independent ion jumps out of their cages throughout the period t on ϽtϽt x1 . Therefore exp(-t x1 / 0 ) is still close to unity and its value is determined by the choice of the exponent ␣ of the NCL. The value of exp(-t x1 / 0 ) is fixed for all temperatures by the convention used to define that the NCL terminates at t x1 . Hence t x1 has the same thermally activated temperature dependence as 0 , and it is written out explicitly here as t x1 (T)ϭt ϱ exp(E a /kT). We have considered here the case of glassy ionic conductors, which have Arrhenius temperature dependence for 0 . For molten ionic conductors such as CKN, 0 is not Arrhenius and hence also t x1 (T), as shown in Fig. 5 .
Again, from the definition of t x1 , the mean square displacement ͗r 2 ͘ NCL corresponding to the NCL increases by the same small amount in the period, t on ϽtϽt x1 (T), at all temperatures. However, because t x1 is thermally activated, this same increase of ͗r 2 ͘ NCL is spread over a number of decades of time given by ͓log e (t x1 )-log e (t on )͔/2.303. Therefore the mean square displacement is inversely proportional to log e (t x1 /t on ). From this and the relation between conductivity and mean square displacement ͓Eq. ͑ 9͔͒, we deduce that the intensity of the NCL measured by A in Eqs. ͑1͒ and ͑2͒ is given by the proportionality relation
This expression is well approximated by
at TӶT 0 , with
T 0 is a positive number because ln(t on /t ϱ ) is a positive number from the fact that t x1 Ͻ 0 , t ϱ is even shorter than the prefactor of 0 , ϱ , which is the reciprocal of a vibrational attempt frequency. Thus the weak temperature dependence of the NCL is captured by our interpretation of the origin of the NCL. Since the result given by Eqs. ͑10͒ and ͑11͒ are obtained from a qualitative theory, we do not expect that it will accurately describe the temperature dependence of the NCL. Particularly if considered over a very extended temperature range where another source of contribution to NCL may come into play at very low temperatures and high frequencies. Note also that we have not taken into account the contribution to the measured ͗r 2 ͘ from the local vibrational dynamics, which has its own temperature dependence similar to that of the Debye-Waller factor. The latter will enhance the temperature dependence of the NCL over and above that given by Eq. ͑10͒. We note from Eq. ͑10͒ that at constant temperature A should decrease with increasing E a , had other factors that determine the absolute value of A be the same for all ionic conductors. If this condition holds for many ionic conductors, then an approximate anti-correlation between A and E a may exist at constant T.
VII. CONCLUSION
Empirically we found from the rich experimental conductivity relaxation spectra of CKN over a wide frequency and temperature range and other glassy and crystalline ionic conductors that the NCL existing at short times ͑high frequencies͒ terminates at t x1 ( x1 ). The fully cooperative ion hopping contribution takes over at a later time ͑lower frequency͒ t x2 ( x2 ). The crossover from the NCL to the fully cooperative ion hopping therefore occurs over a broad time ͑fre-quency͒ range t x1 ϽtϽt x2 ( x1 ϾϾ x2 ). The width of this range in CKN is no more than two and a half decades wide, and it decreases monotonically with increasing temperature. The same is found in several glassy ionic conductors and in a crystalline ionic conductor. The width of the crossover region seems a bit larger in glasses having smaller stretch exponent 1Ϫn of the correlation function for the fully cooperative ion hopping, such as 0.48(AgI) 2 -0.52Ag 2 SeO 4 .
We have calculated from the parameters of the stretched exponential correlation function fit to the data in the fully cooperative ion hopping regime, the independent ion hopping relaxation time 0 of the coupling model. Most fascinating is the finding that t x1 Ӷ 0 and 0 always lies within the crossover region t x1 ϽtϽt x2 . These findings help us to propose that the NCL originates from very slow decay of the cages in the short time regime where most of the ions are still caged. There are few and infrequent successful hops of ions to new sites and the mean square displacement increases very slowly with the logarithm of time. This condition for the appearance of NCL is satisfied at times tϽt x1 and t x1 Ӷ 0 , such that exp(-t/ 0 ) decreases very slowly with ln (t). At times longer than 0 and starting at some later time t x2 , all ions have almost certain probability of hopping out of their cages to new sites. However, the hops of all ions cannot be successful now for a different reason, which is the interaction and correlation between the ions. The only option available is the fully cooperative hopping of all ions with dynamics that is heterogeneous and the averaged hopping rate is slowed down compared with the independent relaxation rate 1/ 0 . The correlation function of the fully cooperative hopping is given by Eq. ͑5͒ and its relaxation time is related to 0 by Eq. ͑8͒ according to the coupling model. Naturally the dynamics of ions in the crossover region, particularly at the long times, is interpreted as the gradual build up of cooperative motion with increasing time because more ions can successfully hop out of their cages. Fully cooperative hopping is established when t x2 is reached.
The confocal microscopy data of colloidal particles systems obtained by Weeks and Weitz are cited to provide direct experimental support of the proposed origin of NCL from the very slow decay of the cages. This observation in colloidal systems, as well as in ionic conductors presented in this work, indicates the proposed mechanism for NCL is possibly very general, applicable to other systems such as glass formers without mobile ions. [53] [54] [55] We point out that there are also other contributions that can give rise to NCL different from our proposed mechanism and may be relevant in data obtained under different conditions ͑such as at low temperatures and high frequencies͒ than that for the data considered in this work. One source that have been discussed by many workers comes from relaxation of a distribution of asymmetric double well potentials ͑ADWP͒, which seem to have been seen in glasses without mobile ions, in CKN as well as in glassy ionic conductors. In the model of Gilroy-Phillips, 56 the ADWP contribute a loss with a dependence with a not constant but increasing linearly with temperature. Thus the ADWP contribution possibly can be the NCL observed only at low temperatures. The ADWP contribution to susceptibility Љ() of CKN and other glass formers by dynamic light scattering experiments showed that it exists at very high frequencies above 1 GHz at lower temperatures, but is not a NCL according to our definition, because the power a indeed increases with temperature to reach significantly large values. [57] [58] [59] The dielectric relaxation data of CKN within the same temperature range taken over a much wider frequency range down to much lower frequencies show the NCL occurs in a frequency range at much lower frequencies than 1 GHz. Thus, it seems that there is an ADWP contribution that cannot be identified with NCL at higher frequencies than 1 GHz at least in this temperature range. However, there is also a NCL at lower frequencies in the same temperature range. The dielectric data collected so far are not good enough in the frequency range above 1 GHz and at temperatures below T g to be able to make a quantitative comparison with the dynamic light scattering data. Nevertheless, the limited data suggest possible good correspondence with the light scattering data and hence the observation also of the ADWP contribution by dielectric relaxation in this high frequency range while the NCL of present interest appears in the lower frequencies. But at higher temperature the observed fast relaxation in the same frequency regime can no longer be explained by the ADWP in the model by Gilroy and Phillips. Experimentally, from the light scattering susceptibility spectra, the power a starts to decrease with increasing temperature and the spectrum tends to become the NCL. 57 This is consistent with the dielectric data, which shows that at these higher temperatures, there is a NCL in the GHz range.
